I . INTRODUCTION
In principle, the free energy of a system contains most of the statistical mechanical information about the system. Its relative value in two different states determines which state is thermodynamically favored, while response functions may be determined from its derivatives. Furthermore, the difference between the free and internal energies is proportional to the entropy. In the study of interfaces, the free energy is of interest in such questions as the relative stability of symmetric and asymmetric grain boundaries (GBs) and segregation at interfaces as well as the characterization of phase transitions. For these reasons, attempts have been made recently1 to calculate the free energy of interfaces via molecular dynamics (MD) through the application of MD techniques developed for homogeneous systems. However, the calculation of excess free energies for GBs is much more difficult, numerically, than the bulk calculation because, typically, two large free energies must be subtracted to yield a small excess free energy. It thus seems appropriate to compare both the accuracy and computational efficiency of three useful MD techniques prior to their application, here, to the question of the relative stability of two GBs which have nearly the same energy at zero temperature.
BASIC TkEORY
The calculation of free energies from Ti requires specialized techniques which involve more inherent uncertainty than simple averages. This is due to the fact that the free energy, F, is not itself an average of a phase function but, rather, is directly related to the partition function, Z, through the fundamental relation;
where ? is the inverse temperature, H is the Hamiltonian of the system and dr is an infinitesimal volume in phase space. Several methods are now available for directly calculating the free energy from MD. Two in particular will be studied The QHA consists of equilibrating a system via MD to determine the equilibrium volume at a given temperature. The system is then quenched at constant volume and the resulting configuration used as the reference or input configuration of a lattice dynamics calculation. The free energy of the harmonic system is easily computed as;
where wn are the normal mode frequencies obtained by diagonalizing the dynamical matrix.
It is clear that while the QHA includes certain anharmonicities associated with the thermal expansion of the system, it does not treat all anharmonicity. Thus, while computationally efficient, it must break down at high temperatures.
Energy sampling has been discussed in many *laces3. The form used here involves defining an auxiliary function, A(y,R), as; (2) where U is the potential energy of the system and d(...) is the Dirac delta function. This function, being a phase space average, is easily computed via MD. Its ratio at different temperatures is related to the difference in free energy of the system at the two temperatures;
thus implying that;
The QHA can be used, for example, to fix the absolute value of the free energy at some low temperature. We note that because the functions, A(x,R), are only known numerically, the temperatures R and R ' must be close enough that substantial overlap of the A-functions exists. Otherwise, some sort of interpolation technique must be used, presumably increasing the error in the calculation.
Finally, the FL method2 relates a given system to a reference Einstein crystal by altering the potential U to U X according to where
Here, K is an arbitrarily chosen constant, %, is the coordinate of the nth particle and %o is its equilibrium position in the Einstein crystal. It is then seen that where <...>A denotes an average in the ensemble generated by UA. Thus, where FE is the free energy of the Einstein crystal which is known analytically. The average is computed with MD and the integral performed numerically. By choosing the spring constant appropriately, the integrand is smooth and requires few points for accurate integration.
MD RESULTS: COMPARISON OF I%TtlODS
The three methods have been applied to an ideal crystal of 108 particles interacting via a Lennard-Jones (LJ) potential and with periodic boundaries. The potential simulates Krypton and was cutoff at 1.4 lattice parameters (i.e. between the third and fourth nearest neighbors) and was shifted to avoid cutoff effects. The runs were of approximately equal length allowing 1000 time steps for equilibration and 5000 steps to compute the free energies. The volumes were equilibrated at zero pressure using the ~arrinello-ahm man^ scheme and held fixed during the averaging. Figure 1 shows a comparison of the QHA, the FL method and the strictly harmonic approximation (HA) in which the reference system is the zero-temperature crystal. Figure 2 shows the FL, ES and QHA methods compared over a smaller temperature range.
The lack of smoothness in the curves is due, in part, to the short equilibrations rather than to the methods. It is irrelevent for the comparisons, however, since the equilibrated systems were identical at each temperature.
Several conclusions may be drawn from these figures. Most importantly, the various methods are remarkably self consistent, even with these relatively short runs. It is interesting to note that the QHA, by far the computationally most efficient method, seems to work well up to about 75% of the melting temperature (Tm -115 K ) . Further details of this study will appear elsewhere.
IV. MD RESULTS: APPLICATION TO GBs
We have applied the YL method to the calculation of the free energies of bicrystals. Because it yields absolute values of the free energy, it allows one to map out the free energy of a system over a wide range of temperatures efficiently and to thus determine the overall behavior of the free energy quickly. In these simulations, a shifted Lennard-Jones potential with a cutoff between fourth and fifth nearest neighbors was used to model Cu. The free energies of the symmetrical tilt boundaries on the (221) and (114) planes were determined. Their zero-temperature energies were determined to be 756 and 704 erg/cm2, respectively.
The simulations were performed as before with the exception that 2000 steps were allowed for the equilibrations. The simulation cell was chosen to be periodic in three dimensions and actually contained two identical GBs separated by 18 planes in both cases. The geometry of the unit cell is shown in Fig. 3 . Figure 4 shows the resulting excess free energy curves. We note that while the (114) boundary remains the lower-energy boundary, the energy difference becomes first larger and then smaller at higher temperatures as the excess energies must go to zero at the melting point.
V. CONCLUSIONS
Three methods of calculating free energies from MD have been compared. It is found that they are in good agreement for runs of similar length. The agreement of EL and ES with the QHA at moderate temperatures indicates the accuracy of the former as the QHA is expected to be valid up to moderate temperatures. Each method has its peculiar advantages and those of the FL method have been stressed as it is at present little used. Specifically, the QHA is computationally inexpensive due to the fact that only an MD equilibration of the system is necessary and appears to be accurate up to relatively high temperatures (-75% of melting).
ES is valid at all temperatures and in all thermodynamic states. however, it does not provide absolute values of the free energy and, in the form discussed here, leads to an accumulation of errors as the temperature is incremented. The EL method, like the QHA, is applicable only to solids although one can imagine using, say, a hard sphere gas as a reference and extending it to liquid and gaseous states. Its primary advantage is that one obtains absolute values of the free energy up to melting. It should be noted that no MD technique samples configuration space effectively (i.e., the configurational entropy is not measured as well as the vibrational entropy).
The free energies of two bicrystals were computed over a wide range of temperatures using FL and no change in their relative stability was found. These bicrystal calculations are preliminary and further calculations comparing the periodic system to one comprised of an isolated GB are underway as well as similar studies of the excess free energy of asymmetric boundaries.
